Let n k denote the number of times the kth largest distance occurs among a set S of n points in the Euclidean plane. We prove that n2 ~< 2~n for arbitrary set S. This upper bound is sharp.
Theorem B. For convex sets S, n2 <<-4n.
In the present paper we prove for an arbitrary set S; n2 ~< 3n. We call the segments of length dl red, and segments of length d2 blue. Let us consider the convex hull of S. We call a point outer if it is on the convex hull, inner if it is inside the convex hull. We call a blue edge inner blue edge if it has inner endpoint. We state some simple properties; Proposition 1. Red edges can connect only outer points. Fig. 1 .
Proposition 2. The configuration of outer points s, u, t, v is forbidden if the distances among them are as follows; d(s, u) = d(u, t) = d2 and d(t, v) = dl, see
Proof. For every convex quadrangle the sum of the length of the diagonals is greater than the sum of the length of two nonadjacent edges. In the quadrangle sutv this inequality cannot hold.
Definition. We call a configuration of Fig. 1 a forbidden N Definition. In every outer point u we call the number of outer blue edges starting in u, the outer degree of u, the number of inner blue edges starting in u, the inner degree of u. Now we prove the upper bound on n2.
Theorem. For any set S of n points in R 2, n2 <-3n.
Proof. First we remark it may be assumed, that no point has degree 0 or 1, for such a point could be omitted. Next we show that we may suppose that all the inner pointshave degree <3. Suppose we find an inner point u of degree 3. Then we have the following possibilities for the outer neighbours Vl, v2, v3 of u: (c) There is at most one edge of length dl, say d(vl, v3)= dl and the other two edges are not greater than d2. In this case the angle te = 2fv~uv3 <~ 120 ° and v2 must be on the arc of the circle around u of radius d2 within this angle ac. Proof. Suppose that the neighbours of u are the outer points vl, 1.12 and 1,13, see . From the description above we know that every vertex in G has degree at most 2, and if it has degree 2 then either both edges are directed in or both are directed out. The doubly directed edges form separate components of G, connecting points in S of outer degree 3, we consider these as circuits of length 2 in G. The rest of G consists of isolated vertices, disjoint circuits, and disjoint paths. The isolated vertices of'G come from the points of S which have outer degree <~2, and the inner degree of these points is <~2. The vertices which belong to these circuits of G originate from points of S of outer degree 4, alternating with points of outer degree 2 (these points are middle neighbours of the points of outer degree 4). By Propositions 5 and 7, the inner degree of these points is 0. The vertices of G which are endpoints of paths of G originate from the points of S either of outer degree 2 and inner degree 0, or of outer degree 3, inner degree ~<1. The inner vertices of the paths of G originate from points of S of outer degree 2 and 4 alternatively, and such points have inner degree 0.
On large distances in planar sets
Using the structure of G, we give an upper bound on the number of blue edges in S. Let ml be the number of isolated vertices of G, and m2, the number of vertices belonging to the circuits of G. Let k be the number of paths in G and m3 the number of vertices on such paths. So we have Pl = ml + m2 + m3 outer points. The number q~ of outer edges satisfies: ql ~< ½(2ml + 3m2 + 3m4 --k), since the average degree on any circuit is 3, and on any path is less than 3, so we loose at least one on each path. The number q2 of inner blue edges satisfies: q2 ~< 2ml + 2k.
This implies for the number P2 of inner points of S that P2 = ½q2 ~< ml ÷ k.
Using these inequalities, we obtain the desired upper bound on the number of blue edges in S" n2 = ql + q2 --ql + 2p2 = -32P2 ÷ ql + ½P2 ~< aEP2 + ml + 3m2 + ~m3 -½k + ½ml + ½k = aEP2 + a2(ml + m2 + m3) = -32(P2 + Pl) = aEn.
Finally we describe a construction which attains equality in the upper bound for n 2. Let n = 2m, and let the points v~,..., v,, form a regular m-gon (see Fig. 7 ). The vi's will be the outer points of S. In this configuration d2 occurs m times. Let ul,..., Us be constructed the following way: the ui's are inside the cir- 
